EQUILIBRIUM STATES FOR SMOOTH MAPS 



ABDELHAMID AMROUN 



Universite Paris-Sud, Departement de Mathematiques, CNRS UMR 
8628, 91405 Orsay Cedex France 

Abstract. We prove an equidistribution result for C°° maps with 
respect to equilibrium states. We apply the result to the time-one 
map of the geodesic flow of a closed smooth Riemannian manifold. 

1. Introduction and main results 

The techniques of large deviations are widely used in the theory of 
dynamical systems to describe their statistical properties (see for exam- 
ple |6], [9] and |I0]). In this paper we will use these techniques to prove 
an equidistribution result for smooth maps (Theorem 1 (3)) with re- 
spect to equilibrium states, i.e invariant measures which maximize the 
topological pressure. Furthermore, we will prove that the proportion of 
orbits supporting a Dirac measure close to an equilibrium state is close 
to 1 (Theorem 1 (2)). The general method combines the ideas in [T] for 
the geodesic flow, where a more geometric point of view was consid- 
ered. The main result (Theorem 1) applies to the time-one map of the 
geodesic flow of compact Riemannian manifold and as a consequence 
we give a new version of the results in [1] (Corollary 1). 

The process for which the large deviations are computed lies in the 
space of probability measures of the phase space. Let X be a compact 
metric space and P(X) the space of probability measures on X endowed 
with the topology of weak convergence of measures. Let {i'n}nm be a 
family of probability measures on V{X). A large deviation principle 
for this process consists on the two following bounds: for any closed 
subset K and any open subset O of V{X), 

(1) limsup-log//„(K) < -J{K), liminf-logzy„(0) > -J(0) 

where J is some positive functional defined on subsets of V{X). In 
what follows, we will give a precise description of (1) for smooth maps 
on a compact manifold X (Theorem 1 (1) and (4)). Under some condi- 
tions we will prove a contraction principle for {i'n}nem which is a large 

1 



2 



ABDELHAMID AMROUN 



deviation principle with constraints (Theorem 2). While a direct proof 
is given for the upper bound in (1), the lower bound in (1) will follow 
from this contraction principle. In other words, to obtain the lower 
bound, we have to prove a finite dimensional version of the large de- 
viation lower bound (see Theorem 2). The main tool in this work is 
a formula by Kozlovski [8] for the topological pressure of a C°°-map 
(Theorem 3 below). This formula suggests that, at least when there is a 
unique equilibrium state, the convergence will take place exponentially 
fast, but it is not clear for what reasonable class of potentials. Cer- 
tainly we have to impose some hyperbolic structure on the dynamics 
but it is remarkable that Kozlovski's formula only requires smoothness. 

1.1. Preliminaries and notations. Let X be a smooth compact 
manifold and f : X ^ X a C°° map. We assume that X has vol- 
ume one, dx = 1. We denote by V{X) the space of probability 
measures on X endowed with the weak star topology. Let Vmvi^) be 
the subset of V{X) of /-invariant probability measures. Given a po- 
tential 7 e C]r(X), the topological pressure of 7 is the number defined 
by the variational principle 



(2) P{l) = sup I h{m) + / "jdm 

where h{m) is the entropy of the measure m. For F = this reduces to 
P(0) = sup„gp.^^(j(^) h{m) := htop, where htop is the topological entropy 
of /. An equilibrium state for 7 is a measure m G Vinv{X) which 
achieves the maximum in (2): 

h{m) + / 7dm = -P(7). 
Jx 

We denote by Pe(7) the subset of Pj„„(X) of equilibrium states corre- 
sponding to 7. By a result of Newhouse [12], since / is C°°, the entropy 
map m — )■ h{m) is upper semicontinuous. Then htop < 00 and conse- 
quently, the set Vei'j) is a nonempty closed, compact, convex subset of 

v{x) m- 

We define the functional on Cir(X) based on the potential 7 by, 

(3) g,(c^):=P(7 + a;)-P(7). 

By definition, is continuous on continuous functions (see Lemma 
1). Sometimes we will simply write Q, if there is no confusion to be 
been afraid. We set for any probability measure /i on X, 

(4) J^{fi) := sup( / udfi - Q^{uj)), 
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where the sup is taken over the space of continuous functions 00 on X. 
Observe that since Q^{0) = 0, then is a non negative functional 
and clearly is lower semicontinuous. We will see that (Lemma 1) that 
/i G Vei'y) if and only if /i is invariant and J^(/x) = 0. Again, if there 
is no ambiguity we write J instead of J^. Since J is convex and lower 
semicontinuous, we have by duality. 



(5) Q-yi^) = sup ( / UjdjJ, — J^{ij)). 

fiev{x) J 

For any set E C V{X) put 

Jj{E) := inf J^(/i). 

1.2. The results. We do the following assumption under which we 
prove the lower bound part of Theorem 1 (see also [B] and [1]). 

Assumption A. There exists a countable set C of functions {gk,k > 
1} C C-sr{X) such that their span is dense in C]r(X) with respect to 
the topology of uniforme convergence, \\gk\\ = 1 for all k, and for all 
/3 G IR" the potential Y12=i Pkgk has a unique equilibrium state. 

This assumption holds in particular for Holder continuous functions 
when the dynamical system is strongly hyperbolic. This is the case for 
Anosov flows (in particular for the geodesic flow of negatively curved 
compact manifold) and hyperbolic diffeomorphisms [11] 

Given x G X we set (5„(x) := ^Yl^=o ^P(^)' where Sy is the Dirac 
measure at y and, ud5n{x) := ^ Yl^-Zo ^{f^{^))- Sometimes, to sim- 
plify the expressions we will simply denote it by Sn{x){oj). 

We also define the measures ln{dx) := || A {Dxf^)\\dx for each n > 1, 
where || A (Da;/")|| can be seen as the maximum of the volume of the 
images under D^f^ of the arbitrary dimensional cubes with volume 1. 
More formally, || A {D^f'^)\\ := maxj<dimx \\ A-'' (I^x/")||, with 

\\A^{DJ^)\\= max \detiDJ^\V)\, 

VGGr(dimX,j) 

where Gr{dimX, j) (the grassmannian) is the set of all the subspace of 
TxX of dimension j. 

Theorem 1. Let f : X ^ X be a C°° map of a smooth compact 
manifold X . Then, for any continuous function 7 G Cir(X) we have: 

(1) For any closed subset K ofV{X) 

1 J e"/^'^^"(-)l(,„(.),;,)/„(rfx) ^ 

lim sup — log ^^^^^ — -„ , , ' , \ < —J(K). 

^ /^e«/'''^^"(^)/„(dx) - ^ ' 
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(2) For any open neighborhood V ofVei'y) '^^ have, 

where the convergence is exponential with speed e""-^*^^") . 

(3) The weak limits of 

^" j^e^.h'^^-i-K{dx) 

are equilibrium states corresponding to the potential j, i.e any 
weak limit ii^o is an invariant probability measure and satisfies 



Jx 



(4) Assume A. If for all /3 eJR'^ and g = {gi, . . . , go) e , j + /3 ■ g 
has a unique equilibrium state, then for any open subset O of 
T(X) 

The upper bound (1) can be interpreted as a measurement of the 

growth of the /^-volume of certain sets as fohows. Let us write it for 
7 = for simphcity: for n sufficiently large we get from (1), 

e-nin(x)i^^^^ e X : Sn{x) e K}) < e-"''"^^) 

where Jq is the functional corresponding to 7 = 0. Recall from 
(4) that in this case we have for any probability measure m on X, 
Jo(m) = sup^(J^ cjcim — P{ou)) + htop- Furthermore, if K contains 
an invariant probability measure hk and Jq achieves its minimum in 
K at fi, Jq{K) = Jq{^k), then by Lemma 1 hereunder we will have 
Jo(/Lt) = hfop — h{fj,K)- Thus for n sufficiently large we get, 

e-nln{x)^^^ e X : 5n{x) e K}) < e-"('^*''--'*(''^). 

Point (3) of this theorem will be deduced from the point (1) and 
there is no need of Assumption A. 

Theorem 1 apply in particular to the time-one map of the geodesic 
flow of the unit tangent bundle of a compact Riemannian manifold M. 
In this case, the weak limits of /u„ are equilibrium states of the geodesic 
flow corresponding to the potential 7. If M is a manifold of negative 
curvature, it is well known that for any Holder potential there exists a 
unique equilibrium state, then the corresponding measures /u„ converge 
to this state. There are three well known invariant measures in this 
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setting. The Bowen-Margulis measure /io, which is the equihbrium 
state (a measure of maximal entropy) corresponding to the constant 
potential. The harmonic measure v which corresponds to the potential 
j^\t=o{K oLft) where K is the Poisson kernel and Lpt is the geodesic flow 
of SM. The Liouville measure irtuou which is the equilibrium state of 
the potential ^1^=0 det {dLpt\E'>) where is the stable tangent bundle 
of SM (see [2] and [3] for more details). If M is a rank 1 manifold 
(Riemannian manifolds of nonpositive curvature), Knieper [7] showed 
that there exists a uniquely determined invariant measure of maximal 
entropy /imax for the geodesic flow and then converges towards /imax- 
As a consequence of Theorem 1 we deduce the following result for the 
geodesic flow. 

Corollary 1. Let M be a closed and connected manifold equipped with 
a C°° Riemannian metric and f = (fi the time-one map of the geodesic 
flow (f) of the unit tangent bundle X = SM of M. Let 7 G C]r(S'M) be 
a continuous potential. Then the weak limits of 

are equilibrium states for the geodesic flow corresponding to the poten- 
tial 7. Here dO is the volume form induced by the Riemannian metric 
on the tangent bundle TM and ln{d9) := || A {Dgip^)\\d9 . 

1.3. Contraction Principle. For g E Cj^d^X) and a E JR^ we set 

m{g) := J gdm and 

Vg,^{X) := {m E V{X) : m{g) = a}. 
We define the functionals: 



Jg{a) 



inf(J(m) : m E Vg,a{X)) if Vg,aiX) 
+00 if Vg,aiX) = (/} 



and Jg{Eci) = inf {Jg{a) : a E Ed) for any E^ C IR"'. The following 
result is known as a contraction principle 

Theorem 2 (Contraction Principle). Let f : X ^ X a C°° map of a 

smooth compact manifold X . Let 7 : X — IR fee a continuous potential 
and g E C-^d{X). Then, 

(1) For any closed subset Ka C IR'^, 

1, /^e"/^'^^"Wl(,„(.)(,),;,,)/.(^x) ^ 
lim sup — log ^^^^ ^ r „ , , — ; — ^ < —JniKd). 



n— >oo 
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(2) If for all (3 G H'', 'y + (3 ■ g has a unique equilibrium state, then 
for any open subset Od C M"^, 

itoinfiiogJ^-°'^;*7':--irr'!'"'''''> -^,(0.). 

2. Proofs 

2.1. Preliminaries. For any invariant probability measure /i we set 
(6) /(^) := P(^) _ (/,(^) + /■ ^d^^). 

J SM 

Lemma 1. (1) is f -invariant, that is Q^iuo f) = Q^{oj) for all 
continuous function u. Moreover, is convex and continuous 
on continuous functions. 

(2) Q^{uj) = sup^gp^^^(5j^^)(/wd/i-/(^)). In other words, the func- 
tionals I and agree on invariant measures. 

(3) 7^6(7) = {J-y = 0}, that is vanishes on a probability measure 
fi if and only if fi is an equilibrium state for f . 

Proof. The fact that is /-invariant follows from its definition (3). 
Part (2) is a consequence of the convexity of the pressure function P 
and the variational principle (1) from which we can easily deduce that 
\P{f) - P{g)\ < 11/ - g\\^ \W\. Part (2) follows from (7) and, 



sup ( / cudfi — I{/J.)) 



sup ( / udfi - P(7) + h{fi) + / 7d/x) 



= P(7 + u;)-P(7) = Q7M- 

Thus, a probability measure m satisfies J^{m) = if and only if m 
is invariant and I{m) = 0. On the other hand, by definition and the 
continuity of Q^, the functional is lower semi continuous. Thus, 
if K is a closed subset of V{X) we have infmgx -'7("^) = <A(/^) 
some fi & K. Then infmei^ J^{m) = iff /i G -fT is invariant and 
h{fi) + / jdfi = P(7). In other words, by Lemma 1 (2), we have 

Veil) = {J, = 0}. □ 

The proofs below are based on a formula of Kozlovski [8j which 
asserts that the topological pressure for a C°° map of a smooth compact 
manifold is given by the exponential growth of the mapping A(Dx/") 
between full exterior algebras of the tangent spaces. 
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Theorem 3 (O. S. Kozlovski). Let f : X ^ X be a C°° map of a 
smooth compact manifold X. Then, the topological pressure P{'y) of a 
potential 7 e C]r(X) is given by 



(7) ^(7)= lim - log [ e''^^'^-^''HJdx). 

n J X 

2.2. Proof of Theorem 1 (1). 



Proof. Set for any subset E of V{X), 

We have to prove 

limsup — log < — inf J(m) := —J{K) 

for any closed subset K. Let e > 0. Observe that the set K is contained 
the union of open sets, 

K C U^ifx e V{X) : J udm - Q{u) > J{K) - e}. 

There exists then a finite number of continuous functions Wi, • • • ,Ui 
such that K C U^^^^Kj, where 

Ki = {me V{X) : j ujidm - Q{u;i) > J{K) - e}. 



Put 



Ti{x, n):={xeX: 5n{x) e /sTj, and Zi{n) := f e'^-^^'^^"(^)/„(da;) 

7 ri(x,n) 



We have u^{K) < J2Li^n{Ki), where Ur,{Ki) = j^^nf^ltLi^^dx) - 
definition of Q and rj(x, n), and Theorem 3 we have for n sufficiently 
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large, 



I 



{P('y)-e)^n{-Q(uJi)-{J{K)-e))^n{P{'y+0Ji)+e) 



i=l 



Take the logarithme, divide by n and the hmsup, 

hm sup — log z/„(ii') < —J{K) + 3e. 

n— >oo IT' 

e being arbitrary, this proves Theorem 1 (1). □ 

2.3. Proof of Theorem 1 (2). 

Proof. It is a consequence of Theorem 1 (1). Indeed, we have to prove 
that lim„^oo i^n(^) = 1- Set K = the complement of V in V{X). 
We have J{K) = J{m) for some m E K. Thus by Lemma 1, J{K) > 
and for n sufficiently large, 

□ 

2.4. Proof of Theorem 1 (3). 

Proof. We have to show that the weak limits of 

are contained in Vdj)- Observe that we can write ^„ = Ep^[5n) where 
the expectation is taken with respect to the probability measure on X, 

This means that we view (5„ as a random variable on the probability 
space {X,pri)- 
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Let V C V{X) be a convex open neighborhood of PelT) and e > 0. 
We consider a finite open cover (Sj(e))j<7v of 7^6(7) by balls of diameter 
e all contained in V. 

Decompose the set U := UfLiBi{e) as follows, 

U = ufliU], N' > N, 

where the sets C/| are disjoints and contained in one of the balls {Bi{e))i<N- 
We have 

Veil) CUCV, 

and J^n{Uj) — i^niU). We fix in each Uj a probability measure pj, 
j < N', and let po he a probability measure distinct from the above 
ones (for example take po ^ 

Define the following process on the space {X,(3n), 

N' 

■■= J2p^^S^\U^) + (1 - ^n{U))po. 

We have, 

N' 

(9) = E ^'^^^^^P^ + (1 - <U))po. 

Since span{gi, g2, • • • } is dense in C]r(X), the topology generated by 
the metric: 

oo „ „ 

d{m,m') :=^^2^^| / g^dm — / g^dm'], 

k=l 

is compatible with weak star topology. We will use it to evaluate the 
distance between elements in V{X). 

The probability measure Ep^^{ujn) lies in V since it is a convex com- 
bination of elements of the convex set V . We have then d{iin, V) < 
d{iJ,n, E^^{u!n))- We will show that 

3 

where — V{X)\U which is closed. 

Set fj,n,v '■— ((ly o 5n)5n) (this defines a finite measure on X). 
By definition of /u„ and fj,n,v ^-nd the fact that U gV, we get 



J] 2 ''\Hni9k) - l^n,v{9k)\ < \l^n{U^)- 



k>l 
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It remains to show that 

k>l 

We have for all > 1, 

\lin,v{9k) - Ef3^M{9k)\ <A + B + C 

where, 

— 2. 

C= |(l-/v„([/))mo((?fc)l- 
Thus, since we have for all A; > 1, Hg^fcH = 1, by definition of we get, 

J]2-Vn,y(^fe) - EpSur,){gk)\ 

k>l 

N' 

Finally we have obtained that 

d{l^n,Efi„M) = '}2^ ''\l^''^3k) - Ei3^{uJri){9k)\ 

k>l 

This implies the desired inequality, 

d{|Ir^,V)<eU„{U) + ^lyr,m. 

By Theorem 1 (2), since If^ is closed, we know that lim„_^oo ^n{U) = 1. 
Thus, hmsup„_^o^ < e, for all e > 0. We conclude that 

\im sup ^^^d{iJ,n,V) = 0. The neighborhood V of Ve{j) being arbi- 
trary, this implies that all limit measures of /u„ are contained in Veij)- 
In particular, if Vdj) is reduced to one measure fj,, this shows that /i„ 
converges to /i. □ 

2.5. Proof of Theorem 2. 
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2.5.1. Proof of part (1) . 

Proof. The map g — > 6n{x){g) being continuous, Theorem 2 (1) follows 
from Theorem 1 (1). □ 

2.5.2. Proof of part (2). 

Proof. If JgiPd) = +00 then there is nothing to do. Suppose then 
Jg{Od) < +00. Let e > and choose G Od with Vg^aA^) such 
that 

Jg{Od) > Igias) - 
We know from ([16] Theorem 23.4 and 23.5) that, given a in the interior 
of the affine hull of the domain D{Jg) of Jg, there exists 13 G IR'^ such 
that 

Q-yif^ ■ g) = -Ol- Jg{a). 
Let then /?£ e IR*^ such that 

(10) Q^{.Pe- g) = l^e- ^e- Jg{ae). 

Consider now a small neighborhood of a^, 

Od,r ■= {« e IR"' : \as - a\ < r}, 
such that Od,r C Od. Set 

MO,) ■■= [ e"/''^^"(-)l(5„(.)(,),o.)/n(dx), 
Jx 

and Z„(Orf) := ^„ jti%^^d.y have, Z„(0,) > Z^{Od,r) and 



Thus 
Set 

^..^ ^ 1, /xe"^^"^''^-^^''"^^^l(^.W(.)eO..)^n(rf:r) 

^nl^d.rj := - iOg ■ 



n /^e'^/(^+^^-»)'^'^"(^)/„(dx) 
and 

1 /^e"^(^+^^-9)'^^"(^)/„(dx) 
Z„(/?, ■<?):= - log j^^nJ,d8A^)i^^dx) ■ 

Therefore, 

- logZ„(0,.,) > -r||/3,|| + (Z„(/3, ■ ^) - ■ ae) + ilogZ^(0,., 
n n 
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From Kozlovski's theorem wc deduce that 

hm • g) = P(7 + ^ ■ g) - P{j) = ' 9)- 

n— >-oo 

Thus 

hminf-logZ„(Od,,) > -r\%\\^Q^{^,-g)-l3,-a,)+\im - log ^^(0^,,). 

n— >oo n n—>-oo n 

We will show that 

(11) hm Z^(0,,,) = 1. 

n— >oo 

Let us show how to finish the proof using (11) : 

liminf-log^„(Od) > -r\%\\ + Q^{^-9)-Pe-cXe 

n— >-oo n 

> -r||/3,||- J,(0,)-e, 

for any £ > 0. Since r > was arbitray choosen, we let r — )■ and 
£ — >■ respectively and we get liminfr-^-oo log ^^(0^) > —Jg{Od) 
which completes the proof of Theorem 2 (2). 

It remains to show (11). Let K^^r be the complement set of Od,r 
in the image g * iVinvi.^)) of 'Pinvi.X) under the continuous map g* : 
m — >■ m{g). We have ^^(0^,^) + ■Z'^(-^(i,r) = 1- The goal is to show 
using Theorem 1 that, Z^{Kd,r) decrease to zero as n — >■ oo (in fact 
exponentially fast). 

Consider := J^_|_^^.^, which is the functional J corresponding to 
Q^+ls^.g. By definitions (3) and (4), we have for any continuous 
function ou on X, 

Q%co) = P(^ + (3,.g + u;)- P(7 + Pe-g), 

and for any probability measure m on X, 

J^{m) — sup( / udm — Q^{uj)). 
w J 

Prom this we deduce easily that 



and 



inf J^{m) = inf J^{m) + Q-yiP^ • g) — (3^ ■ a. 

in{g)=a m{g)=a 



The set Kd,r is compact in IR*^, then by Theorem 1 (1) we get 



limsup-logZ^(i^d,,) < -r{K), 
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where K := {g*)^^{Kd,r) which is a closed subset of 'P{X). If J^{K) = 
+00 there is nothing to do and the result follows. The key point is to 
prove that J^{K) > 0. For this, set Set 

J^^(a) ■.^Jg(a) + Q(/3,-g)-P,-a. 

The functional J'^ is non negative (since Q^{0) = 0), lower semicon- 
tinuous and then it achieves its minimum on compact sets. We have 
J'g{a) > and J|(a^) = (see (10)). Recall that, if J'g{a) = for 
some a G -ft'd^n then there will correspond to a an equilibrium state 
rua e K for the potential ^-\- j3e- g such that nia {g) = a. The vector 
is the unique point realizing the minimum, i.e the unique solution for 
the equation Jg{a) — 0. Indeed, two different solutions will produce 
two distinct equilibrium states for the potential "y + /S^ ■ g which con- 
tradicts our standing assumption of Theorem 1. Since tt^ G Ofi,r, then 
Jg{a) > for a G i^d,r- On the other hand the set K^^j. being compact, 
by the lower semicontinuity of we have J^{K) = inf^gi^^^ •^^(ct) > 0. 
Thus we have proved that 

limsup-logZ^(Kd,,) < -J'{K) < 

from which (11) follows immediately. □ 

2.6. Proof of Theorem 1 (4). 

Proof. Let O C V{X) be an open set, e > and choose e O such 
that 

l{m,)<p{0) + e. 

For each N we set, 

dN{m,m') := ^2"^| / gkdm- / gkdm'\. 

k=i 

Set 2r = mi{d{m,me) : m G P{X)\0}. We have r > 0, since V{X)\0 
is a compact subset of V{X). Since for all k, \\gk\\ = 1, we have 
< d{m,m') — dN{m,m') < 2~(^~^). Thus, for suffuciently large, 

Oe,r {m G V{X) : dN{m,me) <r} <Z0. 

For each a = (ai, . . . , ccjv) £ denote Halliv = X^^i 2^'^|afc|- Let 
g = {gi, ...,gN) and set = me{g) := (/ gidrue, . . . , / gNdm^) and 

ON,r '■— £ IFl^ ■ ||cKe ~ Oi^N < f}- 
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Then, g{0,^r) = ON,r n giV{X)). From Theorem 2 (2) we get, 



[1] Amroun A. Equidistribution results for geodesic flows. larXiv:1004.2585K "3. 
[2] Chengbo Yue. The ergodic theory of discreat isometry groups on manifolds of 

variable negative curvature. Trans Ame Math Soc, Vol 348, Num 12, 4965- 

5005, 1996. 

[3] Chengbo Yue. Rigidity and dynamics around manifolds of negative curvature. 
Math Res Letters 1, 123-147, 1994. 

[4] Dembo A. Zeitouni O. Large deviations techniques and Applications. Springer, 
Application of Mathematics, vol 38, 1998. 

[5] Franco E. Flows with unique equilibrium state. Am J Math. 99, 486-514 (1977). 

[6] Kifer Y. Large deviations in dynamical systems stochastic processes. Trans. 
Amer. Math. Soc. 321, 505-525, 1988. 

[7] Knieper G. The uniqueness of the measure of maximal entropy for geodesic 
flow of rank 1 manifolds. Ann Math, 148, 291-314, 1998. 

[8] Kozlovski O S. An integral formula for topological entropy of C°° maps. Er- 
godic Theory Dynam Systems. 18, 405-424, 1998. 

[9] Young L-S. Some large deviation result for dynamical systems. Tran Ams 318, 
1990, 523-543. 

[10] Young L-S. Rey-Bellet L. Large deviations in nonuniformly hyperbolic dynam- 
ical systems. Erg Th & Dynam Sys (2008), 28, 587-612. 

[11] Marie R. On the topological entropy of the geodesic flows. J Diff Geom 45, 
74-93, 1989. 

[12] Newhouse S. Continuity properties of entropy. Ann. Math. 129, 215-235, 1989. 

[13] Parry W. Equilibrium states and weighted uniform distribution of closed orbits. 
Dynamical Systems. LNM vol 1342, Springer, Berlin, 1988. 

[14] Pollicott M. Closed geodesic distribution for manifolds of nonpositive curva- 
ture. Disc. Cont. Dyn. Syst. Vol 2, Num 2, 1996. 

[15] Przytycki F. An upper estimation for topological entropy of diffeomorphisms. 
Invent Math. 59, 205-213, 1980. 

[16] Rockafellar R T. Convex analysis. Princeton Univ Press, Princeton N J 1970. 

[17] Ruelle D. Thermodynamical formalism. Encyclopedia of Math and its App, 
vol 5, Addison- Wesley, Reading, MAss, 1978. 




> -Jg{ON,r) 



> -Jgiae) > -J{m,) > -J{0) - e. 



for any e > 0. This complete the proof of Theorem 1 (4). 



□ 
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